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On the Distribution of Gamma Ray Intensity
due to Natural Radioactivity near the
Earth’s Surface

By

Shun-ichi SANoO

Abstract

Among the several investigations on the distribution of gamma ray intensity due
to terrestrial radioactivity, the principle developed by A.Y. Sakakura is considered
to be the most reasonable. The use of the linear build up factor is, however, more
suitable so far as the usual measurement of the terrestrial radioactivity is concerned.
Therefore, the inverse-square exponential law for a point isotropic source combined
with a linear build up factor was applied to the calculation of gamma ray intensity in
the air and in a drill hole.

The measurement of gamma ray intensity in the air from a broad source or an
effective half-space was made at various altitudes over a sand area on the coast of
the Sea of Japan. The values of a scattering constant for air composed of a build up
factor were determined for the detector currently used so as to fit the above experimental
data by assuming several values of absorption coefficient. A reasonable value of
scattering constant was obtained in the case of the absorption coefficient of 4.5 10" em~!
for the most penetrating ray from natural radioactive substances. Simple inverse-square
exponential law is also applicable to the caleulations of gamma ray intensity in the air
by assuming the smaller value of 3.5xX107%ecm~! for the absorption coeflicient of air.
The gamma ray intensities directly over an elementary slab source at various altitudes
were calculated by using the constants thus obtained, and the results were consistent
with the experimental data by a similar detector.

The fundamental formula for a point source was transformed to the expression
for an elementary source of infinite thickness. This expression is useful for many
problems concerning the intensity distribution in air. The infinitely thick source is
represented by the areal distribution on the ground surface. The dimensions of
sources equivalent to the broad source were estimated in the case of circular and infinite
glab sources, and the results were in agreement with the calculations, which were
made by utilizing the different mathematical expressions and the analogous experimental
data. The intensity distributions over the boundary of two effective broad sources
were also calculated.

The intensity distributions from a small thick source and an infinite slab source
were calculated, as the representatives of infinitely thick sources, in order to supply
knowledge on the intensity distributions at various altitudes. The characteristics of
distributions, namely, the width at half-maximum intensity and the maximum intensity
normalized to the broad source intensity at an altitude of 200m, were illustrated in
the form of charts convenient for the analysis of the airborne survey data.

The variations in gradient of the intensity-altitude curve plotted on the semi-log
graph were discussed in order to understand the causes of errors in the altitude correc-
tion, which is usually followed by the broad source curve. Excluding clearly exeeptional
cagses, we discussed three possible causes. The most important cause may be the topo-
graphic effect, in which the gradients of curve are nearly equal to those of a broad



source curve over a definite position of topographic section, but whose apparent vari-
ations in gradients depend upon the relative directions between flight line and topo-
graphy. Another cause to be considered is the effect of such a surface layer, as the
weathering layer or the artificial radioactive substances, which are absorbed in the
ground surface, and the indirect effect caused by airborne radioactive substances. Inves-
tigations into the latter two effects have never been done sufficiently, because of the
lack of knowledge which has prevented us from directly comparing the effects with
the airborne survey data.

The intensity distributions in a bare drill hole from a horizontal radioactive layer
were calculated by substituting a line detector for an actual one. The substitution is
considered to be a proper assumption for the discussion concerning the effects of detector
length and hole diameter in the response of the detector. The effects intuitionally
expected were theoretically shown in the figures, which represent the relationships
between the characteristies of intensity distribution and the thickness of the radioactive
layer. The figures show examples of charts estimating the grade and the thickness of
ore bearing layer from a radioactivity log.

The values of the constant composing the build up factor were determined for the
actual detectors by the experimental intensity distributions from the artificial ore
bearing layers, while the results were affected by the difference in directional character
between the theoretical and the actual detector. The theoretical expression is, how-
ever, still useful as an approximation for the intensity distribution.

The produets of the grade and the thickness of the horizontal ore bearing bed,
which are necessary for an estimation of the ore reserves, are obtained by integrating
the intensity in the drill hole with respect to its depth, but independent of the hole
diameter as well as of the dynamie character of the ratemeter.

In the Appendix, the examples of estimation of gamma ray intensity on the ground
surface were set forth by applying the fundamental formula for an elementary source
of infinite thickness. It is notable that the gamme ray intensity from the infinite slab
source is proportional to the minimum angle between the two planes, which contain
the detector and the boundary of the source.

1. Introduction

The distribution of gamma ray intensity can be calculated by tracing
the behavior of photons through the medium, as the interactions of gamma
ray with matter are well known. For this purpose several methods have
been proposed and have been mainly applied to the field of the designing shield
of the atomic reactor. On the other hand, the intensity distribution can be
determined by assuming a law of attenuation as the function of distance for
an elementary source, and the intensity distributions can be calculated by
integrating the law over the geometric configuration of sources. With respect
to the law, the inverse-square exponential law for a point source is well
known and has been widely used. For instance, E. Rothé®, using this law,
discussed the measurement of gamma ray intensity on the ground due to
natural radioactivity near the earth’s surface, that is, terrestrial radioactivity.
However, deviations from this law due to the seattering component of radiation
must be taken into consideration and the so-called build up factor, which
corrects the deviation from the inverse-square exponential law, must be
obtained.

J. C. Cook® calculated the distributions of gamma ray intensity in the



air based on a law containing the effect of scattering. The law of attenua-
tion was expressed as an empirical formula fitting the computed intensity
variation for an effective energy of natural gamma radiation based on the
experiments by a point source immersed in a large medium. A.Y. Sakakura®
pointed out that ‘‘ there is no priori reason why any effective quantity com-
puted or measured in one source to medium orientation should be applicable
to others.” Therefore, he considered an elementary source of infinite thickness,
under the consideration of the ground depth, in order to analyse quantita-
tively the anomalous gamma ray intensity discovered by airborne surveys.
He used the law of attenuation expressed as a polynominal equation with
respect to distance, which was proposed by U. Fano®. But, his expression
for the law is reduced formally to a formula for a point source, while the
build up factor is nothing but a polynominal equation of second order, the
linear term of which has a definite value.

The present paper gives the law of attenuation for a point source ex-
pressed by the inverse-square exponential law combined with the linear build
up factor, because, in the writer’s opinion, the square term is unnecessary
as far as the usual measurement of gamma ray intensity due to terrestrial
radioactivity is concerned. The constant for air composing the build up factor
and the constants concerned with the properties of the source substance and
the detector are determined following the procedure developed by Sakakura®.

Since the present law of attenuation is applied to a point source, the
discussions on the intensity distributions are extended to those distributions
from sources of finite thickness. The constant for the terrestrial medium is
estimated from the experiments in a drill hole containing artificial radioactive
layers, although an accurate evaluation is difficult to be obtained by the
effects of the shape and the dimension of the detector.

The measurements of distribution of gamma ray intensity due to terres-
trial radioactivity are practically applied in prospecting for uranium ores.
The main purpose of these surveys consists in limiting the areas where
geological and mineralogical studies will be carried out. Surface distributions
of radioactive substances do not faithfully represent underground deposits,
but are only information or indications of deposits. Therefore, quantitative
analysis of distributions is not requisite. On the other hand, quantitative
analysis is desirable for the measurement in the drill holes or in the adit of
mines, because fresh deposits can be seen in these openings. Complete quan-
titative analysis is, however, obstructed by the presence of substances of
various types of disequilibrium in the uranium series and the presence of
substances containing both the uranium and the thorium series. Thus, the
most interesting and important matter is thought to be in finding some typical
features of gamma ray intensity distribution from several source types.

The measurement of the radioactivity of rocks and of the anomalous
intensity from exposures of deposit should be made carefully, since the content
of radioactive substances in ordinary rock sometimes has a relationship to
various kinds of deposits. Therefore, it is important to make the altitude
correction for the intensity from a source extended in a semi-infinite medium.
Thus the relationships between the intensity in the air and the altitude from
the terrain are mainly discussed here for extensive sources which are along



the ground surface, since the variation in the intensity-altitude relationship
might yield considerable errors in correcting the intensities at various altitudes
to those at a certain altitude. The intensity distributions in the air from
several typical sources already have been discussed in detail by Sakakura®,
but his investigation was limited to the altitude of 500 feet. The present
writer discusses the intensity distributions from two extreme types of source
at various altitudes.

Moreover, this paper deals with the measurement in a drill hole or a
natural gamma ray logging in the case of the horizontal layer by using a
line detector.
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II. Law of Gamma Ray Attenuation

II. 1 Description of Law and Fundamental Formula

The law of attenuation described here is frequently used in a designing
shield for radiation from a radioisotope!.

Suppose a point radiation detector and an elementary volume emitting
isotropically gamma rays in a space, which is filled with various media, as
shown in Fig. 1. The following symbols are used :

Ay Eon

Detector

\, k-
3-"Source

Fig. 1 Source in an elementary volume

I: gamma ray intensity measured by detector

I,: constant depending upon the property of source substance and the
sengitivity of detector

o : content of radioactive source

r: distance between detector and center of source

7. length of straight line connecting detector and source in a medium



M. linear absorption coefficient of a medium
x;: scattering constant of a medium
n: number of medium through which the straight line from source to
detector passes
dV: elementary volume
The fundamental formula is expressed by
7“7‘
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where, Iyoe~; zsz/4w~ is called the absorption telm and IorrT‘ Ry € 2T At
is called the scattering term. The factor, 1+ /cy,um, ig the build up factor.

Energy spectra of gamma rays emitted from uranium series and thorium
series which are important natural radioactive elements are quite complex,
whereas the absorption coefficient and scattering constant are assumed to be
independent of energy spectrum. After gamma rays penetrate through the
medium down to a moderate depth, gamma ray intensity is governed by
scattered rays, whose energy level is nearly equal to that of the most pene-
trating ray®. Thus, the absorption coefficient in the fundamental formula
(1) should have the value corresponding to the most penetrating gamma ray,
" while scattering term should contain the effects of primary gamma rays of
low penetrating power, as well as secondary gamma rays.

Uranium and thorium series are both important natural radioactive ele-
ments. Rocks and minerals sometime contain uranium series together with
thorium series at various ratios. Integral energy spectra of both series are
rather similar to each other, but different from those of artificial radioactive
elements. Uranium series contained in ores are frequently in disequilibrium,
but the majority of gamma rays from uranium series are radiated from
daughters of 222Rn, while the energy spectrum is not much affected by dis-
equilibrium. The most penetrating rays for various media are about 2.4MeV
ray with the uranium series and about 2.6 MeV ray with the thorium series;
the absorption coefficient for these gamma rays are practically equal to each
other. Therefore, the scattering constant also is considered to be independent
of the uranium-thorium ratio or disequilibrium of the uranium series. The
contents « is called as grade and often is expressed by the equivalent uranium
content eU. Then, the constant I, varies with the uranium-thorium ratio or
disequilibrium of the uranium series. The scattering constant x; depends
upon the energy response of the detector, except when intensity is measured
in dose rate.

The detector is considered as a point, except when it is close to the
source. If the detector has a directional character that depends only upon
angles around it, the constant I, contains funetions of angles which represent
directional character.

II. 2 Co-ordinate System

In order to caleculate the distribution of gamma ray intensity, the funda-
mental formula (1) is integrated over source geometry. A co-ordinate system
(Z,0,¢), which may be called a conic co-ordinate system, is a kind of curvilinear



co-ordinate system, and is useful when the surface of source is a plane. The
relationships to the rectangular co-ordinate system (z, y, 2) are given by

Detector
0

X
Fig. 2 Co-ordinate system

x=2Z tanf cos ¢, y=212 tand, 2=Z, (2)

where the origins and z axis are common, as shown in Fig. 2. The volume
element, therefore, is expressed as

dV=dxdydz=Z*tanl sec*d dZ didy=2Z"secd dZd(sect) d¢. (3)

In this paper, the origin of the co-ordinate system (Z, ¢, ¢) is always located
at the conter of the detector, and the Z axis is always perpendicular to the
surface of source.

The fundamental formula (1) is rewritten as

7 —ﬁp Zy sec
r=D%q, gwiziseco)“’;;‘
=1

— T
i ocd dZd(secde=1'dZd(sect)dy,

where r;=Z;secf, as long as the boundaries of media are perpendicular to
the Z axis.

The integration with respeect to Z is always possible. If # and ¢ are
independent of Z and the detector is non-directional or has directional character
represented by cos"#, distributions of gamma ray intensity can be given by
exponential integrals or integrals containing exponential integrals. The ex-
ponential integrals are of the form of

o

-t

En(x):j EC de, (4)
and several numerical tables already have been published. If the detector
has a directional character represented by sin“#, the distributions of gamma

ray intensity are given in similar form with the integrals
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These integrals have never been calculated, since the detector of such
directional character is less sensitive, and is rarely put to practical use.

III. Attenuation in Air

III. 1 Fundamental Sources and Experiments

Attenuation of gamma rays due to terrestrial radioactivity in air is an
important element in airborne radiometrie surveyings, although this element
is usually negligible in measurements of the ground or in a drill hole. For
example, the altitude correction for gamma ray intensity in air is required
if flight levels ean not be kept constant from the terrain.

The constants for air in the fundamental formula are obtained by experi-
ments following the method developed by A.Y. Sakakura”. He selected two
types of source for the fundamental sources and determined the constants in
his expression by using experimental data over these sources. The one, a broad
source, is a half-space filled homogeneously with radioactive substances and
the other, an elementary slab source, is a semi-infinite vertical pillar embedded
in the ground. For the determination of constants, however, two types are
excessive.

The actual broad source”, over which the measurements of gamma ray
intensity were made from 100 to 1000 feet above the ground, was an area of
Mancos shale of several square miles. Representative trench samples of the
shale contained 1.6 % K, 0.0017 22 U, and 0.0013 25 equivalent U. The actual
elementary slab source® was a slab of 40 feet square and 6 inches thick
and contained 48 tons of carnotite ore at 0.35 % Us0s, as shown in Fig. 3.
The measurements over the source were made from 100 to 550 feet above the
ground, but the effect of dynamic character of ratemeter was noticed at
altitudes less than 450 feet.

y S 40 Peet e >

e e
// /--—-,F 6 inches
b
40 fegt /
/
/

7
J’/___L W
Fig.3 Actual elementary slab source
(U.S. Atomiec Energy Commission)

We carried out the measurements over a broad source, which is an area
of sand near Niigata city, on the coast of the Sea of Japan. The range of
altitudes was extended up to 500 m. The sand probably contains a consider-
able amount of thorium, but the relationship between the gamma ray intensity
and the altitude shows fair agreement with that obtained over the Mancos



shale area. Scintillation detectors used in our experiments consist of a 5 inch
photomultiplier and a sodium iodide crystal 5 inches in diameter and 2 inches
thick. Output signals from two detectors were mixed to feed the ratemeter.
The directional character was examined by repeating flights with different
arrangements of detectors, and it was proved that detectors are non-directional.

In order to obtain the contribution due to the broad source or to obtain
the terrestrial radioactivity from counting rates measured by the detector,
the counting rate above the sea was subtracted from gross counting rates.
The counting rate above the sea, which is called zero background, was un-
changed in the period of the measurements and independent of altitudes or
distances from the sea shore. The results of the experiment are shown in
Sec. II1.4.

III. 2 Integrals for the Broad Source

In evaluating the integrals over a broad source, the following symbols
are necessary in addition to those referred to in Chap. II

I%: gamma ray intensity from a broad source

ta: linear absorption coefficient of air

w1t linear absorption coefficient of source media, that is, self absorption

coefficient

k.. scattering constant of air

«y . scattering constant of source media

Zy: altitude of detector
Although the detector used in the experiment is non-directional, we considered
several directional detectors for reference.
(1) Directional character is such that I, is replaced by I, cos"#.

Ilf:j . j MY”I "cos*fd Zd(sec O)dy
210

=(1+s) ZIL (1aZ0)"* Bl o(pra Zo) +
1

0 .Io(f
Il

2/41

(/jaZO)nJrlEn-;-l(,uaZO) 3 (6)
when the detector is non-directional, n=0 and we have
B Inﬂ' I()(f
I =1+x) " (,UaZo)EZ(/laZu)“i‘fﬂa (#aZO)El(/laZO)' (7)
2/11 2#1
(2) Directional character is such that I, is replaced by I,sin"¢.

o oo (2T
IH:S S S I’ sin"0dZ d(sec H)dg

z,)1 Jo

=ta) D7 (BB st Zo Dte 17 BL e . (8)
2/11 2/11
(3) Directional character is such that I, is constant for
[0£0£8by, 2r—0,)£0£27] and zero for [#,<H#<(2r—0,)].
This character is realized approximately by shielding the side of the
detector.

@ psecdy [on
IB:j 5 j I'dZd(sec)dy
5 0

Z,idl



=1+ w1 —2]‘"; (paZo) A Eelpra o) — By paZiy sec )}
L

¢

I
e 2/{'1 (a2 Bl p1aZ) — BrlpnaZo sectho)}y (9)
il
(4) Directional character is such that I, is replaced by I, ‘;‘1)2239
=/2 n
] cos Spd‘P-

In this case, Bq. (7) is multiplied by 4S s

As seen in the formulae, the self absorption coefficient p; appears only
in the denominator of the constant factors. Therefore, an increase in p is
equivalent to a decrease in ¢. The matter is quite similar with the terms

containing a scattering constant of source medium.

111. 3 Integrals for Elementary Slab Source

Gamma ray intensity from a slab source, as shown in Fig. 3, is easily
obtained if the slab is replaced by the base of a square cone, whose apex is
a detector and whose generating lines go through the sides of the upper
gurface. When the altitude of the deteetor is very high compared with the
dimensiong of the slab, the replacement is a good approximation, since the
deviation of actual form of the source is disregarded.

Detector
8¢
\‘\Q\
N, Ry g
L\
\ S .
A\ \\\ <
N “
YO,
N N -
N ~
\ R
\ WO \\
z \ % ~
N \\\ h
N K
N
LY
N\ Source
\ N\
\ (Xa,Yz) Wi
R d
,/‘ \‘. / s
Y4 5

X
Fig. 4 Slab source

A rectangular co-ordinate system (%, y) is taken on the groud surface,
which coincides with the upper surface of the source, and the origin lies on
the Z axis of the conic co-ordinate system (Z,4d, ¢), as shown in Fig. 4.
The sides of the slab surface are parallel to the x« or y axis, while the co-
ordinate of the two opposite apexes of the rectangle are (21, 1) and (%3, ¥»).
Then, the gamma ray intensity by the slab I® is
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I8(my, o1t @2, Yo)=T%(xy, 4110, 0)+I5(xe, 421 0, 0)
$IS(£E2’ yl : 07 O)$IS(x1’ yZ : 03 O) (10)
When the detector is non-directional, the integral I¥ is given by
A GE et gt

00 %, tan~t |y /el
I

I5@, y:0, 0) -:S I'dZd(sec O)dy

Z, Je

| BT
+S X‘ “ S I'dZd(sect)dy
Zyd tant |y/ul
I(]r‘l‘
8/11
I
+ 8?: [ka(ttaZo) Bi(t1eZo) — (KuptaZy+ respsd) (g2 Zo+ pud) Ey(praZy+ p1d) ]
i

an~1y/al e =
— eyt {Kt - (o) Eopray Zg* + 27 sec® @
4;7'[/11 0

(o Zot ) By {(,MZ(,Jr "“dﬂw‘p} ]dsa
0

=(1+x) [(/laZo)Ez(/laZO) = (/MZO +/11d)E2(/laZo+/11d):|

/2
'i‘j (j(ﬂuZQ)Eﬁ(/lu,\/ ZE+y* cosectp
tan~! |y/g)

~(paZiy+ pud) By {(ﬂazﬁ‘/‘ld)dzw} ]dg&}
0

_ oo
471'/11

—(taptaZa L respu ey + ) By {(,u Zgtpud) %} J@

tan~1y/al S
(7" ) Bt Z5F5079)

0

/2 S—
+5 ‘aﬂ[ﬂ:w(/la 7o) B\(prl ZE+ Y cosec?¢)

tan~1u/;

(g b g BtV B {(,MZO + mdw/_zoziy;wsﬁ‘f’} ]d«p. (11)

0

When the detector is located above the center of the source, whose surface
is square, and d is infinitely large, the above integral is simplified as

i 4 (/% 5
I5=(1-+r) ;;"’ [(puz(,)Eg(yazo)— . j {wzo)Ez(Mzg+T2sec~«p)}dﬂ
]

4 w2 Bl B}
Ly [(mzawlmazo)— : S <yazo>El<ﬂm/zo-+A-sec2¢>d<p], (12)
0

+ Ky 2#1

where 24 is taken for the length of the side of the square source.

In Eq. (12), the self absorption coefficient x; appears in the denominator
of the constant factor, just like the formulae for the broad source. This
result is valid for any source types of infinite thickness.

III. 4 Determination of Constants

The constant factors in the expressions for gamma ray intensity from
the fundamental sources of infinite thickness are Iyo(14«()/(241) and Iyox./(2u).
These values should be determined so as to fit the experimental relationship
between gamma ray intensity and altitude over the fundamental sources, if
the proper value of p, is given.
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The constants of source medium, g and «;, was determined from experi-
ments by other kinds of source on the ground and then x, was determined.
However, w1 and x; are rather invariable compared with the variation of o.
As for the estimation of gamma ray intensity, the calculation of the values
of two constant factors are enough for sources which are infinitely thick
and have a plane surface.

The values of Io(14-#:)/@u) and Iyox./(2n) were caleulated by means of
least square from our broad source data over the sand area near Niigata city.
The values of ratio, «,/(1-+«;) are given in Table 1 and calculated intensity-
altitude relationships are shown in Fig. 5 with experimental data.

Table 1
ta (em™) Fa/(1+ 1) of B(}a(n%o:g})lale
3.5X10°" 0.00 0.0015
4.5X107% 0.307 0.0015
5.9%10°° 0.987 0.0014
1,000 cps \\ T B
™,
g il
™
> ™
S
100 cps :\'\“‘\\j:;:
%
0 500m

Altitude Zo

——  Ma=3.5¢10%cH, 2ea =0.00

""" o= 4.5¥167 et s/ (1+3€0)=0.307

—— ate=5,9¢10%is 26/ (142 )=0.987
o Intensity over a Sand Area

Fig. 5 Relationship between intensity and altitude for a broad source

The value of p, used by A.Y. Sakakura® is 4.5x107® em™!, which corre-
sponds to the absorption coefficient for the most penetrating ray of uranium
series. In addition to this value, our calculations were made by using the
other two values. The one, 8.5x 10 *em™, is the ‘ true’” absorption coefficient
in the effective energy range of gamma rays from the uranium or thorium
series. The other, 5.9x10°em™%, used after J.C. Cook®, corresponds to the
absorption coefficient of 1.8MeV gamma ray. As for the intensity-altitude
relationships, the curves for 1,=3.5%10°cm™ and u,=4.5x10°em™ almost
coincide with each other, and the curve for z,=5.9x10""em™* shows a devi-
ation from the other curves and experimental data.
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The intensity-altitude relationship directly over the actual elementary
slab source was caleulated by Eq. (12) by utilizing the values of x./(1+«1)
obtained above. We checked the assumption of d=c in Hg. (12) through
Eq. (11) when g,=0.2em™ and «;=1 and found out that the actual source is
equivalent to a semi-infinite pillar embedded in the ground. The factor
Iyo/(2r) was adjusted so as to fit the measured intensity at altitudes from
450 to 600 feet. The calculated intensity-altitude relationships and experimental
data are shown in Fig. 6. Deviations of the curves from the experimental
data* at altitudes less than 450 feet can be explained by introducing the
effect of dynamic character of ratemeter®. We obtained the value of
(1+x)1,/(2r1) for the detector used in these experiments, since o of the
elementary slab source was known, and then calculated the grade of Mancos
shale from experimental data over the source. The results are shown in
Table 1 which agree well with the uranium contents of the samples.

1,000 cpa 3

Intensity
»

100 cps \

o] 250m

Altitude 2o
— fw=3.5x10%cw, se, =0
_____ pa=h5X107CH’ |30 /C1 4200 =04307
- Intensity over Elementary Slak Source

(! % 19a B Es G
TFig. 6 Relationship between intensity and altitude for the actual
elementary slab source

By the way, the value of (14#x1)Iy/(2u1) for the airborne instrument
which is eurrently used by the Geological Survey of Japan is estimated to
be about 2x10° ¢cps/percent eU.

So far as the present phenomenological theory is concerned, it is convenient
to adopt the values of 8.5x10%em™ for u, and zero for «, for the sake of
simplicity of calculations.

III. 5 Effect of Surface Layer

In this section intensity-altitude relationship are considered when the
half-space is composed of layers. A half-space is separated into several
horizontal layers, as shown in Fig. 7 and radioactive substances are contained
homogeneously in each layer. The additional symbols for this case are ex-
plained as follows :

* These experimental data are also referred to in “‘Nuclear Geology’ 1954, John
Wiley & Sons. Inc. (U.S. A.) p. 228~229
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Fig. 7 Horizontal layers composed of a half-space

I*: gamma ray intensity from a layered half-space
or: grade of rth layer
p- 1 linear absorption coefficient of rth layer
«, : scattering constant of rth layer
Z,: height of detector from lower boundary of rth layer
m: number of layer
The thickness of the mth layer is infinitely thick. Then,

o pop AT
IB’:[ S j r'dZd(sect)dy
Jzdido

:(1+/€1) -éO‘TlI (/uuZO)EZ(/laZO)'f'/Cq, éoﬂl (,UuZO)El(,uaZO)
+ b3 ( 2 —"*-1>{yuzo o+ S =B VBl 3 Z— T )
2 i3 Hor Hr-1
+ o3 (";ff~ “’;"T-I){ﬂ,zzoJr S B T Y Bl ot S B i )
=2 r -1 =
m r—1
+ Db ("* s ){ma,;mzm(zi—zmn{mzwr ST
2 7= = ,Ur Hor-1 =1 =1
><EI{WZOJr # LB~ a0}, (13)

If there is one surface layer or m=2, and the thickness of the surface
layer is d,

I = (L) 7 (1020 B 20+ Lo " () B Ze)
2
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Several numerical results of intensity-altitude relationships are shown in
Fig. 8, in the case of one surface layer. In the calculations of gamma ray
intensity from layered half-space, values of constants for each layer should
be given independently. We assume that gy=p:=0.2em™! and x;=#,=1.0.%
As for the constants for air, we used each of two sets, that is, u,=3.5
x10°em™* with #,=0, and 4, =4.5x107c¢m™! with «,=0.614. The present
calculations were made for four cases, namely, o1=0, o1=02/2, a1=205, and
a;=0. Thickness of the surface layer was 1 or 10 em; i.e., 1ud=0.2 or 2.0.
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Fig. 8 Effect of surface layers on the intensity-altitude relationship

The intensity-altitude relationships were plotted on a semi-log graph in
which abscissa shows altitude and ordinate shows intensity in the log scale.
Then, the intensity-altitude curves are approximately represented by straight
lines and independent of grade, since the intensities from the extensive
sources are nearly proportional to the exponential of altitude. Therefore, the

* Thege values of constants are derived from the result in Sec. V.3,
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gradient of the curve indicates the feature of the intensity-altitude relation-
ship. The gradients of the intensity-altitude curves in Fig. 8 are nearly
equal to each other except for those obtained at low altitudes and for two
cases of 1,d=0.2 with ¢,=0, and pd=2.0 with ¢;=0. In these two extreme
cases, the gradient of curves varies with combinations of values of absorption
coefficient and scattering constant. A different kind of experiment should
be conducted to establish the intensity-altitude relationship, if the thin radio-
active layer covering the non-radiocactive medium or the thick non-radioactive
surface layer is important for practical use. According to the above results,
however, a radioactive layer thicker than 10em is generally equivalent to a
broad source, and therefore, almost all sources are regarded as an infinitely
thick source.

III. 6 Directional Detector

We consider, in this section, the difference in intensity-altitude relation-
ships for a broad source with various directional characters of detector.
Here, we consider the cases of two types of directional detector among the
four types already referred to in See. III. 2.; namely

(1) I, is replaced by I, cosd.

(2) I, is constant for [0£8ZL6, (2z—0)<L0£2x] and zero for

[Ho<d<(2r—0,)],
where 6 is a co-ordinate in the conic co-ordinate system that has an Z axis
taken vertical to the broad source. The expressions of gamma ray intensity
are given by Eqs. (6) and (9). In the latter case, numerical calculations were
performed for #,=30°, 45°, and 60°. The results are shown in Fig. 9.

The gradient of the intensity-altitude curve generally decreases with the
increase in sensitivity to the vertical component of radiation. The non-direc-
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|
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Q 500m
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pa=3,5K10 e’y Ma =0
Fig. 9 Effect of directional detectors on the intensity-altitude
relationships for the broad source
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tional detector will be made less sensitive to altitude changes by shielding
the side of the sensitive part, especially at low altitudes.

IV. Distribution of Gamma Ray Intensity in the Air from Several Sources

IV. 1 Thick Source

We consider the case of infinitely thick sources with a non-directional
detector. A plain polar co-ordinate system (o, ¢) is taken on the surface of
the broad source, so that the origin is located at the intersection of a per-
pendicular through the detector to the surface, as shown in Fig. 10. Length
from the detector to any point on the surface is #,.

e

Detector /

ZB

I

Flight Line

T«
Source /
Projection

of Flight Line
Fig. 10 Small thick source

Then, the expression for the broad source (7) can be rewritten as follows,
after integrating with respect to depth in the ground.

#qlg “Ho"
IB:X S {(1—}/51)— cosf}e— +/ca Ty Ty cosf . af
0o & #H

d,
4z Anrd }P Py,

where pdpdg¢ represents a surface element dS. Therefore, we can consider
that the radioactive substances in the thick source are condensed to the
surface, and the fundamental formula (1) is replaced by

Ir= Lo {(1+/c1)cosﬂ a2z
H1

+/ca ,ua’rocosﬁ } as. (15)
4dzr dar

This relation is geometrically analogous to the replacement of slab by cone
as given in See. II1.3. As discussed in Sec. II1.8 to III.5, Eq. (15) is applic-
able to many problems concerning airborne surveyings. Gamma ray intensity
in air from thick sources can be expressed by integrating Eq. (15), and can
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be estimated numerically by using the values of the constant factors,
A+x) o /(@) and w.lyr/(2u), which are obtained by measurements over a
broad source with a certain detector.

Returning the conic eo-ordinate (Z, 0, ¢), we can reduce Eq. (15) to

Lo {(1 +'%1) } d(sect)dy, (16)

T

e~ﬂazo sec g’/‘aZo seed

+#q NMZO ael

where Z, is the height of the detector. Since the thick source can be treated
as though it were a radioactive substance condensed to the source surface,
it is represented by the areal distribution. If the boundary of the source
surface is given by

A= f(¢) for [0LpL2x] or O1=fi(¢) and O.=fs(¢) for [¢;Le L],
gamma ray intensity I7 from the thick source is written in the following
forms.

IT’:

secd

Lo
2,&1

g2 (2 {E (o Z)— 2 j
2/11 T

2 /%
T (1 ) 82 B {Ez<pazo>—~ﬂ§ Ez[#azosec{f@)}sto}

]

Bl s sec{f(¢)}]ds0},

]
or
Pz

PPl Zfl‘i (pu,zo)j {Emtzo sec{ fy(@)} 1~ Bal puZo sec {f1(¢)}]}d<ﬁ
T pA

P1
P2

+Kq 41,0" (20 Zo)j {El[,uazo sec{ o)} 1 —ErLpnZy Sec{fl(?’)}]} de. (17)
T

@1
These expressions may not be the most convenient for numerical calculation,
since, in caleulating the difference of E,’s, many decimal figures are necessary.
However, they may be useful in out-lining the intensity distribution.

IV. 2 Source Equivalent to the Broad Source

It may be useful practically to estimate the dimensions of the circular
source and the infinite slab source equivalent to the broad source. A circular
source is nothing but a cylindrical source embedded in the ground with its

Detector

//7\

/l/
i
s
i

/
15

Fig. 11 Circular source

P
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circular end exposed above the ground. If the detector is located on the
normal at the center of the circle and the diameter of the circle is D, as
shown in Fig. 11, gamma ray intensity I° from the cirecular source is

F={l3%) ;;" (o Zo){ Bt Zo)— Bl o DVAT 7))
1
B, 2"3" (e Z0) A Bl Zo)— Erpuud DA+ ZD). (18)
1

0

The results of the estimation for the diameters of circular sources are shown
in Fig. 12 as functions of altitude, in which gamma ray intensities amount
to 95, 90, and 80 24, respectively, of the broad source intensity. KEven the
diameter of the circular source, from which the intensity is 80% of the broad
source intensity, is more than twice as large as the altitude.

95%
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r’l o~ S Detector
07 /o Gon
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d i
4 - i /
B // 6o g lZ,,
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Le] .g / /’ )
Y 7 ’
13 ~ 7’
g 2 - S
8 / ______Ib—/
£ 5 -
A = ra F.
= v /I /
! /
g /
Projection
2 400m — - of Flight Line

Altitude

Circular Source
----- Infinite Slab Source

M= 355107, 20

Fig. 12 Circular sources and infinite slab Fig. 18 Infinite slab source
sources equivalent to the
broad source

Then, we consider the infinite slab source which extends infinitely in two
opposite directions, as shown in Fig. 18. If the detector is located directly over
the center line of the source, and the width of the infinite slab is W, gamma
ray intensity I’ from the source is given by

[11'7
2/11

/%
kg ;/‘f (/‘(LZO)[EI (o Z)— 2 j B p 23 (Wsee /2% dso]. (19)
1 aQ

=) (1, Z) [E (pta Z)— i j By {p/Z3F (W sec g/2% dsﬂ]

The widths of the source are estimated for the cases in which gamma ray
intensity is 95, 90, and 80 25, respectively, of that from the broad source.
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The results are shown in Fig. 12 as functions of altitude. The widths thus
obtained are comparatively smaller than the diameters of the corresponding
cirecular sources. This may perhaps be due to the fact that the infinite slab
source extends infinitely and the areas also are infinite. According to the
caleulations made by Sakakura®, the broad source at the altitude of 500 feet,
is equivalent to the circular sources that are greater than 1700 feet in dia-
meter and the infinite slab sources which are greater than 1200 feet in width,
if these sources, which yield 802/ of the broad source intensity, are
indistinguishable from the broad source. It is natural that this conclusion
nearly coincides with the results shown in Fig. 18, notwithstanding the
difference in mathematical expression, since the basic conceptions and funda-
mental data are analogous.

When a half-space is separated into two parts by a vertical plane boundary,
the variation of gamma ray intensity in air across the boundary is easily
found. Given the grades in two parts by i and o, absorption coefficients
by s and u, and scattering constants by «, and «., respectively, and the
ground distance of the detector from the boundary line as x, we have

"= [{ﬂ—ma b (e} D% 4 () F (L)} D0 }(;xuzowgcuaza
L 4ps

/2
+ {:<1+ k) To7L (14 o) Lo }(;za z(,)j B (un 78 3% 560 dp
2y 2z p 0

+xa[<1i1> Ly g4y 1"‘&]@“20)&%20)

4,&1 4#2
— Iyo 1 I F9 w/2 —
+(F g = N | Bl T s )y | (20)
2mpy 2rpan o
u 3.5X10%crilae, =
it sk 2.0
’ | |
100 | s
R =
\ -
“ g
150 ] 2
ez, | .
\ 53
Bl 5
200 b— .0 % ¢
= 23
e | I
1l (E—— ?;
300} L | N\\\ ’g
350 —-_\‘\\ =
wo f— L]
Q—J o}
500m 81, pu, e 0 bam0, MImpl, 3 ERa 500m

Ground Distance from Roundary

Fig. 14 Variations of gamma ray intensities over the boundary of two effective
broad sources
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The numerical results are shown in Fig. 14 in the case where u,=3.5

X 10 %em™, x,=0, and ¢.=0. The distribution is actually seen when the flight
lines cross the coast line perpendicularly of a constant altitude.

The intensity-
altitude relationship over the vieinity of the boundary is clearly different
from that for the broad source.

IV. 3 Small Thick Source

Gamma ray intensity from a small thiek source, that is an infinitely
thick source of small surface area can be caleulated directly Eq. (15) or (16).
The intensity-altitude relationship directly over the elementary slab source is
obtained by the integral in Sec. II1.8 Eq. (12) is approximately expressed by

Lo e~ taZy e #aZo
== 1 ol - |-447
4z {( Hl Zg e Zg }

@1

] s
@
[
|
]
|
i
]

Ground Distance

=
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H - 200m
i -~ 300m

! Altitude o
100, 150, 200
250, 300m

|1

10

Distance along Flight Line
A2=3,5K10%en” , Ra=0

Fig. 15 Intensity distributions from the small thick source of
one square meter
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where 24 is the side length of the square surface. It is numerically confirmed
that the above formula is a good approximation in the case of the actual
elementary slab source, whose area is 145sq. m the detector being at altitudes
higher than 50 m.

The distributions of gamma ray intensity from a thick small source of
which the surface area was one square meter are calculated for the case that
#.=3.5X%10"%em ! and «,=0. Examples of the distributions are illustrated in
Fig. 15, the detector moving along a straight line at constant altitudes.
Minimum ground distance of the detector path, namely, the perpendicular
from the center of the source to the projection of the flight line is denoted
by «, as shown in Fig. 10. Among several characteristics of intensity dis-
tribution, the widths at half-maximum intensity and the maximum intensity
are easily deduced from the counting rate curve. The widths at half-maximum
intensity are shown in Fig. 16 as functions of ground distance or altitude,
while the ratios of maximum intensity to the broad source intensity at 200m*
from the terrain are shown in Fig. 17 as functions of ground distance or
altitude. When the altitude of flight line is constant as known by, for in-
stance, the radio-altimeter record, the ground distance of the flight line from
the source is estimated by using Fig. 16. Then the grade of the broad
source by using the coefficient estimated from Fig. 17 substitutes for the
product of the grade and the surface area of a small thick source. As pointed
out,” the width at half-maximum intensity may not be suitable for quanti-
tative analysis. However, the charts obtained may be useful for a rough
evaluation from the observation along a flight line. In order to estimate the
grade and the source area independently, it is necessary to observe anomalous
gamma ray intensity from one source in two adjacent flight lines, so as to
determine the shape of surface or the source type.

The limits for distinguishable area of effective small thick source are
minimum for definite altitudes when the detector is directly over the source.
This limit for a circular source is estimated and is expressed roughly by
0.2 Z§, that is, 0.5 Z, in diameter, for the altitude range from 50 to 200m,
assuming that the deviation of intensity caleculated by (16) from that by Eq.
(19), is less than b 2.

IV. 4 Infinite Slab Source

The gamma ray intensity I/ from the infinite slab source at ground dis-
tance z from the center line of the source, of which the width is W, is
expressed as

Ioﬂ' T/2

; (ﬂazo)j {Eg(/zwzou(zx— Wsecto/d )
T f, 0

— By pu 23 + @+ W sec? 90/4)} dy

I=(14xy)

T p— _
TP j {EH (4l Z3+ (2 =TT s6c0)4 )
2z 0

* Gamma ray intensities in the air are compared with the reducing intensities at
the altitude of 200m in routine work at the Geological Survey of Japan, because
of the lack of the experimental data at very low altitudes.
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~ B 2 @t WY sec'o/ b)) dy, (22)
when 22> W, and
/2 o
I (i) 7 (o 20| Bz~ | 7 Bl 2+ o W secp
1 T Jo
+Eopa Z§+ 2+ W )2 sec’p/ 4)} dsﬁ]
+/Ca, I{}G (/la ZO) [El (/ALZO) _71 Sn/s {El(/l(m/zoz = (2% — W)E QZSD/4)
2/11 T Jo
23

+Ey(pay 23+ @+ W)Tseczﬂ)} d?}

when 2x<W.
Numerical calculations were carried out in the case of ,=3.5X10%cm™

with «,=0. The examples are illustrated in Fig. 18, the flight line being
perpendicular to the source, and the flight level remaining constant. The
width at half-maximum intensity and the ratio of maximum intensity to the
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Fig. 18 Intensity distributions from infinite slab source, flight line crossing
the source perpendicularly
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Fig. 20 Coefficient reducing the maximum intensity from the infinite slab
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broad source intensity at 200 m from the terrain are shown in Figs. 19 and
20, respectively, as functions of the source width and altitude. In the case
of oblique cross flight over the slab source, when the angle between the
flight line and the center line of source is ¥, as shown in Fig. 18, we have
an expression similar with the above formulae in which % sec? or Wsec¥
substitutes for x or W, respectively, for the intensity distribution along the
flight line.

If the angle ¥ from the counting rate curves obtained along the adjacent
flight lines is determined, the value of W sec? is estimated by using the
curves in Fig. 19. Then, the grade of the source is deduced from the grade
of the broad source. The width at half-maximum intensity represents the
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value of W sec? when the altitude is low compared with W sec¥.

IV. 5 Topographic Effect

In airborne surveyings, flight levels are forced to change over regions of
rough topography. The topographic effect hitherto considered is the varia-
tion in intensity corresponding to change in altitude. It is, therefore, thought
necessary to take into consideration the effeet of wavy topography, besides
the mere altitude correction, in order to make possible the comparison with
the actual grades in rocks distributed in mountainous regions. We shall now
estimate the gamma ray intensity measured by non-directional detector over
several different topographies uniformly, filled with radioactive substances.
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We now consider the two dimensional ridge or valley formed by simple
slopes, as shown in Fig. 21. Gamma ray intensity from these ridges and
valleys is obtained by combining the integrals for infinite slab sources which
are of infinite width on either side.

Additional symbols used in the calculations are as follows :

If or I": gamma ray intensity from a typical ridge or a typical valley,
respectively
Z: height of the horizontal plane through the detector from the top
of the ridge or the bottom of the valley
a and f: angles between the horizontal plane and the plane surface form-
ing a ridge or a valley
& and &: angle that the plane which contains the detector and the inter-
sections of two surfaces makes with the plane which contains
the detector and the perpendicular from the detector to the surface
« : horizontal distance of the detector to the intersections of the two
surfaces

Two dimensional ridge

(1) When the extension of the plane, which contains the detector and
the top of the ridge passes over the terrain, and when the two perpendiculars
from the detector to the surfaces exist on either side of the plane above
described, we have

xcosa—Z sina xcosf+Z)sinf

t = t 2= . . 24

an xsina+Zcosa ' an &, Zlcosff—axsinf o

Then, we get
IH:S S _j” I'dZd(sect)dy
Zycona) - v Itseciptantiesy o )
+S r g” 1'dZd(sec)dy
Zo’ cos f—wsin B) VI+ sec? ¢ tant E3J 0
== (1+4#1) Iya {(,uu,Z0 cos &) Ey(p1,Z, cos )
2/11

/2
— 71r X {(1uZy cos ) Ey(1, 7, cosay1+sect ¢ tan® &, ) dy
[]

/2 s
+ i g [(ua(Zh cos B—a sin ) Epf{12,(Z} cos B—ux sin B)y1+-sec?y tan?&, 1 ] dg@}
0

L
2/11

/2 e e s e
it X J {(naZy cos ) E(p1, 7 cos ary14-sec?p tan® &, ) rdy

T Jo

et {(/jaz0 cosa) By Ty couar)

nf2 e
+ ! S ¢ [ 2(Z} cos f—w sin f) BEi{u(Z} cos B~ sin §)y/1+seckp tan® Sg}jdgp}.
T Jo
(25)
(2) When the plane which contains the detector and the top of the

ridge passes over the ground, and the two perpendiculars from the detector
to the surfaces exist on each side of the plane above described,

2 cos A+ Zjsinf3
Zjcosf—a sinf

Zl sina—a cos o

tang,=-"—
z sina+2Z} cosa

D tan&,= (26)
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Then, we have

IR:r r St I'dZd(sect)dy
Zy cos) ¥ IFgeetptan®esd o
n j j r I'dZd(sec)dy
Zy’ cosf — xsin BJ V1T sec? ¢ tant fs 0
n/2 -
2! ‘Lﬂ—j [(t2a 7y cos o) Bol 1, Z o cos a1 +-sec?¢ tan? €, )
Y9 25) 0

+{1(Z} cos f— sin B)} Bof p1u(Z} cos f—a sin f)y/1-+sec* ¢ tan?&; } de

w/2 —
+ g JOLS [(uaZycos @) Ey(paZ, cosayl+sec?y tan?&,)
2rp Jo
+ (2§ cos f—u sin B)} Bi{ po(Z} cos f—2 sin B 1+sec’y tan?é,} [de. @2n
(3) When the plane which contains the detector and the top of the
ridge does not pass over the terrain and the two perpendiculars from the
detector to the surfaces exist on each side of the plane above described, we
have

=1+«

xecosa—Zhsina
x sine+Zf cosar

tan E 1= (28)

Then, we get
I"’:r r g I dZd(seco)de

Zycosa J — ¥ Fseciyptanéy J o
I
2/11
1 =2 I ———
. j {(1aZ cOs @) Eo(p1a Zy cos aey/1+ sec?y tan’ 51)}d90}
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=(14-1er)
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s g“’ {(,uazo cos) Byl paZ, c08)

yad

/2 P
——l—s {(tay cos @) By(praZy cos vy 1-4-sec? ¢ tanZ &)} d(p}. (29)
7 Jo

Both in the above and in the following cases, we neglect the decrease in
gamma ray intensity caused by the space bounded by one surface of the
ridge and the plane which contains the detector and the top of the ridge.
So far as the ridge is regarded as a thick source, except for the neighbour-
hood of top, the above approximation may be valid.

(4) When the plane which contains the detector and the top of the
ridge does not pass over the terrain, and the two perpendiculars from the
detector to the surfaces exist on either side of the plane above desecribed, we
have
Zlsina—¢ cosa

t = :
anéy x sina+Z{ cosa (80)
Then, we get
Iﬁzj j S I' dZd(sec0)de
Zy eose J ¥ 1+seciptants, 0

/% —
=(1-1) 2{;’; S (#aZy cos @) Eo(paZy cos a1 +secie tan? &, )dy
1 Jo

®/2 = A
+tq 21"0‘ 5 (¢12Zy c0s ) By (1t Zy 08 cty/1+sin% ¢ tan? £, )de. (31)

T[4y 0
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Two dimensional valley

(1) When the two perpendiculars from the detector to the surfaces exist
on each side of the plane, which contains the detector and bottom of the
valley, we have

X cosa+Z{ sinw Zlsinff—xcosf ;
1 = , o=ty ¥R (32)
anéy Zlcosa—x sinaw tant, 2 sin i+ 7} cos B
Then, we get

7= g ; r S rdzd(sect)de

J Zycosa ) — VITsecotanté; Jo

+ 5 r { I'dZd(secf)de

Zy’ cos B+wsin §J — ¥V 1tseciptan®iy i o
=(1+x1) 2'[;;; {(,uaZO cos &) Es(p.Z, cos a)
1

1 (=2 { Leac® fans &,

- go {(11aZy cos @) Eo( p1aZy cos ayf1+sec¢ tan &)} d¢

+1a(Z} cos B+ sin B) Ba{ 1a(Z} cos f+2 sin B)}

_ 71[ r/z[/m(zé cos B+ sin B) Ea{ p1( Z} cos A+ sin f)y T+ sec?p tan? £:} ] dS"}

Ly
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=l " 1o o8 ) Bi(p1u 2y cos | Troec’y tan*6)}dg

+ /z(,,(Zoé cos A+ sin 5) B\ {p.(Z; cos f-+w sin )}

- i S%[/AL(Z{) cos B+ sin 8) 1 {1.(Z4 cos B+ sin By T-+sec’¢ tan” &} ]dgﬁ} )
0 (33)

4« {(,u(,ZO cos @) E\(pq 2y cos )

(2) When the two perpendiculars from the detector to the surfaces exist
on either side of the plane, which contains the detector and the bottom of
the valley, we have

_ keosat+Zysina __ xcosBf—Zysinp a4
BoRL= Zcosa—xsina ’ tan&y= % sin B+ Z§ cosf (84)
Then, we get
= j y 5 . S " I'dZd(secO)dy
Zgcosa J — ¥ ItsecZotan®ey Jo
+S ) r S I'dZd(secO)de
Zy cos f+asin ) ¥ 1+ sectptantés Jo
=(1+xy) é"d {(,uaZ0 cos w) Bs(p.Z, cos )
1
/2 o
ek 5 (1.2, cos @) Fo(p2aZ, cos af 1--sec?¢ tan®&)dy
T Jo
+-1 Sm (2 cos B+ sin B) Ea{pa(Z} cos i+ sin B)y 1+sec’ptan?&;} d&,v}
T Jo
IOO'
At == Ny cos @) Ey(paZ, cos )
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1784 —
— 71r j (202, cosa) Ey(u.Z, cos a1+ secip tan? &, )dy
o

&/2 . S —
gt j 12l Zh co8 B+ sin B By ua(Z) cos B+ sin)y [ 1860 tan’, }dga} .
T Jo
(35)
When the detector is located directly over the top of the ridge or the
bottom of the valley, the topographic effect is clearly observable. Therefore,

numerical calculations were carried out for the cases above mentioned for
the combination of constants that u,=8.5x107%e¢m™! and «,=0 assuming
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Fig. 22 Intensity-altitude relationships for several topographies
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a=B. The results are shown in Fig. 22 in the form of intensity-altitude
relationships for several definite values of «. It is notable that these inten-
sity-altitude curves are nearly parallel to each other and to the broad source
curve, too.

In the next place, the effect of conical topography for an isolated mountain
is studied., The detector is located over the top of the mountain and the
height of the detector from the top is Z,, as shown in Fig. 23, the gamma
ray intensity I¥ from the mountain is given by the following formula, the
angle between the horizontal plane and the surface of the cone being «.

e cogeew ('Z#
I :S S 5 I'dZd(secH)de
Zgeota/(cota—tan 0) J1 )
I a /2@ Z .
=(1+ry) =2 X <_ st > e
(L) 2m Jo L cosf/—sinf/ tan o sinf
T.o (o8-« yA sinf
Fheg8 S <* paLlo > : dn. (36
3 21 Jo (praZo) €xp costl—sinf tan « / (cos@ —sinftan o) (58)

Numerical results are shown in Fig. 22 in which the values of constant
employed are p,=3.5X107%ecm ! with «;=0. The intensity-altitude curves are
nearly parallel to the broad source curve, except for those at low altitudes.
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Tig. 24 Ratios of broad source intensity to the intensity
from several typical topographies

Therefore, the ratios of the gamma ray intensity affected by typical
topographies to the broad source intensity are nearly independent of altitude,
although the ratios depend upon the type of topography and the angle of
slope. The ratios are shown in Fig. 24 and are regarded as topographic
correction factors at the top of the ridge or mountain and at the bottom of
the valley.

1V. 6 Discussions on the Intensity-Altitude Relationship

The apparent variations in gradient of the intensity-altitude curve are
derived from the results of the preceding section. When the aircraft flies
horizontally across the mountain range perpendicular to the ridge, the intensity-
altitude curve, drawn by observed data along the flight line, would be more
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or less oblique compared with the broad source curve. This is due to the
fact that the altitude above the valley is higher than that above the ridge
and that the intensity above the valley is higher than the broad source in-
tensity at the same altitude, while the intensity above the ridge is lower. On
the contrary, the curve drawn by the observed data would have the same
gradient as the broad source curve, when the flight line is parallel to the
direction of the ridge or the valley. Therefore, various gradients in the in-
tensity-altitude curves are obtained from the observed data in mountainous
regions.

The apparent variations in gradient are recognized in actual survey data
by comparing the intensity variation with the topography along the flight
line. The usual altitude correction, which is followed by the broad source
curve, may be permissible, since the results of the preceding section indicate
that the topographic correction can be approximately made independent of
the altitude correction.

Another explanation may be possible for the variations in gradient, be-
sides topographic effects. The radioactivity of granitic rocks usually decreases
with the progress of weathering, and therefore, the terrestrial radioactivity
increases sometimes as depth below the ground surface increases. On the
contrary, the research group on background radiation® found that the ac-
cumulation of artificial radioactive substances was located in a thin layer of
the ground surface. If one remembers the calculations on the effect of
surface layer in Seec. IIL.5, the deviations in gradient from the broad source
curve can not be denied.

The variations in gradient might be derived from the time and spatial
change in the zero background, in which the change probably was caused
by such airborne radioactive substances as radon. The gradient of curves
plotted on semi-log graphs depend seriously upon the estimation of the zero
background, since the intensity from the terrestrial radioactivity is obtained
as the difference between the gross counting rate and the zero background.

When radioactive substances are distributed in air with a homogenous
content of ¢,, gamma ray intensity I* at the altitude of Z; is deduced from
Egs. (7) and (18). Then, we have
I A) AT ) S P AL N )

fu 2/1(1

If the value of (14-x1)I;/(2p1) obtained in Sec. II1.4 for the detector currently
used is applicable to the present case and wx; and g4 are 1.0 and 0.2cm™,
respectively, I, is converted to 6x10°cps-ecm™!-(ue/g)"?, since one percent of
the uranium series in equilibrium correspond to 8x107%pue/g. As nearly all
gamma rays from the uranium series are emitted from the daughters of **R,,
the above value is held in the case that the parents of radon are missing.
M. Kawano” determined the atmospheric radon content at a locality in the
Tokyo area to be about 2.4x10-*3uc/g by careful measurement. Then, the
intensity I* at the altitudes of 0, 200m and infinity is estimated to be
1.7x10%, 8.0%10% and 3.4X10%cps, respectively. The zero background has
been determined by the measurement of the counting rate on the sea adjacent
survey area, and has never changed throughout the survey flights which have

IA:(1+’C(L)
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been carried out for three years. The value is about 2x10%cps and may be
due to the contribution from radon and its daughters. The difference between
the estimated and the observed values can be neglected owing to the some-
what bold assumptions. For instance, the formula for I4 varies with the
altitude, while the observed zero background is independent of altitude.

It is well known that the range of atmospheric radon content is con-
siderably wide. Therefore, the indirect effect of the zero background on the
gradient of the intensity-altitude curve should be remembered. However,
knowledge, which can be directly compared with the airborne survey data,
concerning such surface layers and radioactivity in the air are so scarce at
present that investigation on these two effects has never been sufficiently
carried out. E.A. Godby et al®. also observed various intensity-altitude
relationships and concluded that the various relationships may be attributed
to various rock types. We think, however, it may be attributed primarily
to the topographic effects, and secondarily to the other two effects above
discussed.

V. Distribution of Gamma Ray Intensity in the Drill Hole
from a Horizontal Radioactive Layer

V. 1 Directional Character of Line Detector

Now we are in a position to discuss the distributions of gamma ray
intensity in the drill hole as an application of the fundamental formula (1)
to problems concerning the gamma ray attenuation through media of the
terrain. Let us take the case of the horizontal layer homogeneously filled
with radioactive substances. The theoretical consideration is applicable to
radioactivity well logging. Objections may perhaps arise that theoretical
consideration is unnecessary in well logging, since the analysis of the radio-
activity log is usually, and easily made by comparing the results of experi-
ments in artificial model holes. However, we shall discuss variation in the
intensity distributions with detector length and thickness of layer by a
simple theoretical treatment and then shall determine the constants in the
fundamental formula (1) by utilizing experimental data of an artificial model
hole.

In the measurement of gamma ray intensity in the drill holes, the size

Source

Detector
Fig. 25 Line detector
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and shape of the detector should be well studied because the detector will
pass close to the sources. We considered a line detector whose sensitive part
is a line. The length of the detector is [ and the sensitivity along the line
is uniform. Suppose a point source placed at the distance a from the center
of the detector. The line connecting the detector with the source makes an
angle # with the perpendicular to the detector in the plane, which contains
the detector and the source, as shown in Fig. 25. Directional character of
the detector is expressed by angular response I(d) for the point source, i.e.

i Lidé secfl . ( adcos t‘}>
= - =5 tan™! ; 37
) j e (atant+872 " dza 0 \a—1¥/4 ST

where I} is a constant coneerning sensitivity of the detector and the property
of the source, and £ is a co-ordinate along the line detector. The numerical
result is shown in Fig. 26, when [=5c¢m and a=I, 2] and 3l. The detector
is nearly non-directional at distances of more than three times its length.

&= x/2

Center
of Detecto
a/l=3 aff =2 a/f=1,

Fig. 26 Directional character of a line detector

Actual detectors used in logging have another kind of directional character
which depends upon the absorption by the container of the detector probe,
as well as the finiteness of the diameter. The character calculated from the
above formula agrees qualitatively with the measurements, at least when
the absorption by the container is not remarkable. The substitution of the
line detector from the logging detector may be reasonable for the purpose
of studying the effects of the detector length.

V. 2 Horizontal Radioactive Layer

Let us consider the horizontal layer homogeneously filled with radicactive
ore. The drill hole discussed in this chapter is dug vertically, and does not
contain mud water and casing pipe. We assume that the absorption coefficient
and the scattering constant are common to the radioactive layer and the
surrounding non-radioactive layers, and that the detector passes through the
center of the hole, as shown in Fig. 27. The explanation of symbols is as
follows ;
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Fig. 27 Vertical drill hole t};rough a horizontal radioactive layer

I*: gamma ray intensity from horizontal ore layer

I,: constant, depending upon the property of source substances and the

sensitivity of the detector

grade of ore

linear absorption coefficient of layers

scattering constant of layers

length of the detector

distance along the detector from its center

diameter of drill hole

thickness of the radioactive layer

Zo: vertical distance between centers of the detector and the radioactive
layer

f: angle which the line connecting the detector to the source makes with

the perpendicular to the detector in the plane, which contains the
detector and the source

Then, gamma ray intensity from the radioactive layer is expressed by the

following integrals.

(1) Zot+&>47/2
/2 1789
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When the horizontal radioactive layer is infinitely thick, the integrals are
simplified to
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Intensity distributions from horizontal radioactive layers of various thicknesses (II)
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Numerical evaluations of the above formula were performed in the cases
of 1=5, 15, and 30em, and d=4, 6, and 8cm, assuming that x=0.1 and
0.2em™, Examples of intensity distributions are illustrated in Figs. 28, 29
and 30, when «=0 and 1. These figures show the differences in the intensity
distributions with the detector length, the absorption coeflicient and the
diameter of the drill hole, respectively.

Two characteristics of intensity distribution are selected. One is the
width at half-maximum intensity and the other is the ratio of maximum
intensity to that of the infinitely thick layer. The relationships between the
characteristics and the thickness of the layer are shown in Figs. 31, 32, 33
and 34. When the ore bearing layer is sufficiently thick in comparison with
the detector length, the width at half-maximum intensity is equal to the
thickness, while the ratio approaches unity. On the contrary, the width at
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Characteristics of intensity distributions from horizontal radioactive layers (IV)

half-maximum intensity decreases to minimum and the ratio falls to zero as
the thickness of the layer decreases. The minimum of the width at half-
maximum intensity depends upon both the detector length and the diameter
of the drill hole. In order to find the intensity distribution which clearly
indicates the presence of a thin radioactive layer, a small size detector should
be used ; but a detector with its length shorter than the diameter of the drill
hole may be useless. Consequently, the effects of the detector length expected
is drived theoretically.

V. 3 Determination of Constants

The constant factors in the expressions determining the gamma ray
intensity from the horizontal radioactive layer are Iyo/(2x) and wxlos/(2p).
These values are obtained from the measurement of the gamma ray intensity
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in the drill hole from the horizontal ore bearing layer of known thickness,
if the proper value of u is given. Then, we have the value of «.

Some experiments on the measurement of the intensity distributions were
made with an artificial model hole which contains two radioactive layers
made of ore from the Ningyo Pass Mine. The thicknesses of the ore layers
are 5em and 43 em, and the grades are 0.035 25 Us0s and 0.028 25 U0, rTe-
spectively. The diameter of the hole is 7.8em and the outside diameter of
the model hole is 1.5m. The measurements were carried out using four
detectors, namely, two Geiger-Mueller counters and two scintillation counters.
Experimental results were reduced to the intensity for equal grade and
normalized to maximum intensity by a 43em layer. The intensity curves

thus obtained are given in Fig. 35.
The values of x for each detector are calculated so as to fit the experi-

mental curves by means of least squares. As for the linear absorption
coefficient, the value of 2=0.2cm™ was adopted. This value seems too large
compared with the calculated absorption coefficient of water and concrete!®.
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Table 2

Detector type Dimensions of  Scattering constant

gensitive part K
Scintillation eounter, NaI(TT) 2'X Y 1.42
Seintillation counter, NalI(TT) 137 x1%7¢ 0.21
Geiger-Mueller counter 67 X§" 0.00
Geiger-Mueller counter 27 em X 2 eme 0.00

However, if we use values less than 0.2cm™', we will have negative values
of « in using the Geiger-Mueller counter. The results of the calculation are
listed in Table 2; the calculated intensity distributions are compared with the
experimental curves as in Fig. 35.

It is clear from the derivation process of expressions for the gamma ray
intensity that these values of « contain effects of directional character and
finiteness of the diameter of actual detectors. The change in « with detector
type does not always depend upon energy response. The difference of «
with the two scintillation counters may be explained rather by the differences
in actual directional character, since the scintillation counter of 2 inches in
sengitive length has a rather remarkable directional character compared with
that of the line detector, while the other scintillation counter is nearly non-
directional. It may be safely said that the calculated intensity distributions
agree with the experimental distributions, considering that assumptions on
the detector are simple. Therefore, the Egs. (88) and (39) will be useful as
the approximate formulae for the intensity distribution in a bare drill hole.

In addition, we consider the agsumption in Chap. III, that =0.2em™!
and «(=1, is reasonable from the above results.

V.4 Estimation of the Ore Reserves in an Ore Bearing Horizontal Bed

In order to estimate the grade and the thickness of the horizontal ore
bearing layer, some characteristics of intensity distribution are utilized. For
example, the thickness of the layer is obtained from the width at half-
maximum intensity, and then the grade is estimated through the ratio of
maximum intensity to the intensity of the infinitely thick layer and the re-
lation between the grade and the intensity of the infinitely thick layer.
Therefore, a chart, as shown in Fig. 81, is useful for the estimation of the
grade and the thickness of the ore bearing layer and is usually prepared by
experiments in model holes®. If enough artificial radioactive layers are not
available to complete the chart, the theoretical expression in See. V.2 is
made useful by inserting the constants determined by a few artificial layers.
The difference between the theoretical and the observed intensity distribution
is probably noticed in the case of a large hole diameter, since the detector
does not usually pass through the center of drill hole.

If the final aim of the estimation of the grade and the thickness is to
obtain the ore reserves in an ore body by drillings extending through the
ore body, the mere product of the two quantities is necessary. We now
consider the integral S of gamma ray intensity over the depth of the drill
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o
hole, that is, S:_s I*dZ,. Since the variables Z; and £ in the integral

move along the same Z axis and the interval for Z, is infinity in each direction,
the integral is decomposed to the product of the integral for an elementary

4272 pisg
layer of thickness of dZ and j a7z j dé=4Z-1. The integration for an
Zr2 /2

elementary layer is equivalent to the estimation of the intensity from the
infinitely thick layer by a point detector. Then, we have

: jmzﬂdzo —H s o B 41)

The result is confirmed by many numerical calculations. It will easily be
understood that the above relation can be extended to the case where grade
is variable with depth.

The counting rate curve is usually affected by the dynamic character of
the ratemeter circuit”. We denote time constant of the ratemeter by =,
logging speed by v, the counting rate curve, which is measured with infinitely
slow speed, by # and the counting rate curve, which is recorded with
logging speed of #, by n. The expression of n is well known as

Zy Zy—Z07
e j ot ZDd L v,

3

and

+o0 oo By Zy—2¢ oo
j fndZO:S S o no(Z{,)dZé/?)r:S no(Zo)dZs .

Therefore, if the area between the counting rate curve and base line in the
ratemeter records is S,
S'ocSecodZ . (42)

This is useful in making the estimation of the product of the grade and
the thickness easier.

The error of estimated thickness of ore layer increases with the decrease
of thickness itself, as seen in Figs. 81~34. But, the product of the grade
and the thickness can be estimated independently of the determination of
thickness through the above area method. Moreover, the area method can
be applied easily to the case where the grade is variable with the depth.
Therefore, the estimation of the ore reserves in the horizontal layer may be
performed easily and accurately by radioactivity logging, as long as the
suitable value of I, is used.

VI. Conclusions

In order to investigate the distribution of gamma ray intensity due to
terrestrial radioactivity, the inverse-square exponential law for a point iso-
tropic source combined with a linear build up factor was applied to the
calculation of distribution of gamma ray intensity in air and in a drill hole.

The measurement of gamma ray intensity in air from a broad source or
an effective half-space was made at various altitudes over a sand area on
the coast of the Sea of Japan. The values of seattering constant for air
composing build up factor were determined for the detector currently used,
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so as to fit the above experimental data assuming several values of absorption
coefficient. A reasonable value of scattering constant was obtained in the
case of the absorption coefficient of 4.5x107?em™"' for the most penetrating
ray from natural radioactive substances. The simple inverse-square exponential
law is also applicable to caleulations of gamma ray intensity in air by
assuming the smaller value of 3.5x10%¢m™t for the absorption coefficient of
air. The gamma ray intensities directly over an elementary slab source at
various altitudes were calculated by using the constants thus obtained. The
results were consistent with the experimental data gained by using a similar
detector.

The fundamental formula for a point source was transformed to the
expression for an elementary source of infinite thickness. This expression is
useful for many problems concerning the intensity distribution in air. The
infinitely thick source is represented by the areal distribution on the ground
surface. The dimensions of sources equivalent to the broad source were
estimated in the case of the circular and infinite slab source, and the results
were in agreement with the calculations, which were made by utilizing the
different mathematical expression and the analogous experimental data. The
intensity distributions over the boundary of two effective broad sources were
also calculated.

The intensity distributions from the small thick source and infinite slab
source were calculated, as the representatives of infinitely thick sources, in
order to supply knowledge on the intensity distributions at various altitudes.
The characteristics of distributions, namely, the width at half-maximum
intensity and the maximum intensity normalized to the broad source intensity
at the altitude of 200m, were illustrated in the form of charts convenient
for the analysis of airborne survey data.

The variations in gradient of the intensity-altitude curve plotted on a
semi-log graph were discussed in order to understand the causes of errors in
the altitude correction, which usually follows the broad source curve. Excluding
clearly exceptional cages, we discussed three possible causes. The most
important cause may be the topographic effects, in which the gradients of
curve are nearly equal to those of the broad source curve over a definite
position of topographic section, but its apparent variations in gradients
depend upon the relative directions between the flight line and the topography.
The other causes considered are the effect of such surface layer as weathering
layer or artificial radicactive substances absorbed in the ground surface, and
the indirect effect by airborne radioactive substances. The investigation on
the latter two effects has never been done sufficiently because of the lack of
the knowledge which has prevented us from directly comparing the effects
with airborne survey data.

The intensity distributions in a bare drill hole from a horizontal radio-
active layer were ecalculated by substituting a line detector for an actual
one. The substitution is considered to be a proper assumption for the dis-
cussion concerning the effects of the detector length and the hole diameter
to the response of the detector. The effects expected were theoretically shown
in the figures which represent the relationship between the characteristics of
intensity distribution and the thickness of the radioactive layer. The figures
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show examples of charts estimating the grade and the thickness of an ore
bearing layer from a radioactivity log.

The values of constant composing the build up factor were determined
for actual detectors by the experimental intensity distribution from artificial
ore bearing layers, while the results were affected by the difference in direc-
tional character between the theoretical and the actual detector. The
theoretical expression is, however, still useful as an approximation for the
intensity distribution.

The products of the grade and the thickness of the horizontal ore bear-
ing layer, which are necessary for an estimation of the ore reserves, are
obtained by integrating the intensity in the drill hole with respeect to its
depth, independent of the hole diameter as well as the dynamie character of
the ratemeter.

References

1) Blizard, E. P.: Geometry, Reactor Handbook, Physics prep. by U.S. Atomic Energy
Commission, p. 684~693, New York, McGraw-Hill, 1955

2) Broding, R.A. & B.F. Rummerfield: Simultaneous gamma ray and resistance
logging as applied to uranium exploration, Geophysies, Vol. 20, No. 4, p.
841 ~859, 1955

3) Cook, J.C.: An analysis of airborne surveying for surface radioactivity, Geo-
physics, Vol. 17, No. 3, p. 607~706, 1952

4) Doke, T. et al.: Background radiation from ground surface in Japan (in Japanese),
Journal of the Atomic Energy Soeciety of Japan, Vol. 1, No. 1, p. 53~63,
1959

5) Fano, U.: Gamma ray attenuation, Reactor Handbook, Physics, p. 637~666, New
York, MeGraw-Hill, 1955

6) Godby, E. A. et al.: Aerial prospecting for radioactive materials, National Regearch
Couneil Laboratory (Canada), Joint Report, MR-17, CRR-495, 1952

7) Kawano, M. et al.: A standard instrument for radon measurement and atmospheric
radon content (in Japanese), Proceedings of the Third Symposium on
Atomic Energy, Tokyo, Science Council of Japan, 1959

8) Rothé, E.: La methode ionométrique, prospection géophysique, Tome I, p. 315
~342, Paris, Gauthier-Villers, 1950

9) Sakakura, A.Y.: Secattered gamma rays from thick uranium source, U.S. Geo-
logical Survey Bulletin, 1052-A, 1957

10) White, G.R.: X ray attenuation coefficients from 10 KeV to 100 MeV, National
Bureau of Standard Report 1003, 1952



44

APPENDIX

Gamma Ray Intensity on the Ground

In the case of the measurement of gamma ray intensity on the ground
surface, the detector is usually close to the sources. Generally speaking, the
dimension and the shape of the detector should not be negligible, in relation
to the replacement of the thick source by the surface distribution as intro-
duced in Sec. IV.1. Calculations of the gamma ray intensity close to the
source, therefore, are more complicated practically than intensity in air far
away from the source, although the attenuation of gamma rays in air is
negligible.

However, in several cases, the estimation of the gamma ray intensity in
the neighbourhood of the ground surface can be approximately made by
utilizing the modified fundamental formula of the thick source, (15) or (16),
for a point detector. The modified formula is reduced to

L]-’T
Tp=—
’ dzpy dzp
since p. and «, are both zero. Then, gamma ray intensity from the broad
source is found to be

Iy cost!

(i) %57 pdpdg= A+w)d(—cost)dg ,
0

=57 (1.
2/11

Gamma ray intensity of the infinite slab source, as shown in Fig. 18, is
given by
| I{)ff
T 2rpy

N Zy y Z,
H=tan ( = W/2> tan (x—- W2 ) .

Thus, gamma ray intensity is proportional to the minimum angle between
the two planes, which contain the detector and the boundary of the source.
The two dimensional topographic effects are easily estimated by using the
above result., For example, the gamma ray intensity in the adit of a mine
or tunnel, consisting of rock filled homogeneously with a radioactive substance,
is

[I (1+K1)@ ’

where

= ‘;j” (Atr)=2l,
1

if the section of arbitrary shape extends uniformly.
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On the Distribution of Gamma Ray Intensity due to Sano, 8.
Natural Radioactivity near the Earth’s Surface
Shun-ichi Sano
Rept. Geol. Surv. J., No. 188, p. 1~44, 1961
35 illus., 2 tab.

In order to calculate the distribution of gamma ray intensity due to
natural radioactivity near the earth’s surface, a fundamental formula
containing the effect of secattering is proposed and the method for esti-
mating the constants in the formula is presented. The effect of thin
surface layers, the topographic effect and the analysis of radioactivity
anomaly in the case of air-borne radioactive survey are discussed
based on the calculation of intensity distributions. The intensity dis-
tributions from horizontal radioactive layers in drill hole are also
calculated for the aid of analysis of radioactive logs.
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